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Using the criterion that vertex « of a graph G is "more central" than vertex v if there are more 
vertices closer to a than to v, the security center and security centroid of a graph are defined. Several 
results, including the fact that the security center of a tree is the centroid, are presented. A simple 
algorithm to find the security center (centroid) of a tree is presented. The problem of finding the 
security center of G is shown reducible to a search over a single block of G. 
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1 . Introduction 

Consider a finite, connected, undirected graph G with vertex set V and edge set E. If eeE, 
then L(e) will denote the length of edge e (L(e) > 0), and if P is a path, then L(P) = XeeP L(e) 
denotes the length of P. The distance between vertices u and v, denoted d(u, t>), is the length 
of the shortest path from u to v. 

Several mathematical problems arise from different instances of the question of what is an 
optimal location for a facility in a graph. Hakimi [3] 1 posed and considered two such optimization 
problems. The first problem is to determine a vertex ueV so as to minimize 

Di(u) = X VfV w(v)d(v, u) (1) 

where w(v) is a nonnegative weight given for each veV. The second problem is to determine a 
vertex ueV so as to minimize 

D 2 (u) = maix{w(v)d(u, v) :veV}. (2) 

Interpretations of these problems [2] include minimizing transportation cost to a central facility 
for (1), and minimizing a maximum response time from an emergency facility, such as a hospital, 
for (2). While a more general treatment is presented in the third section, it is assumed for now 
that w(v) = 1 for every veV. Until section four, it is assumed that each edge has length equal 
to one. 

For each ueV, let S u denote the family of distances from u to the other vertices in V. That 
is, S u = {d(u, v) :veV — {u} }. Note that one allows repetitions in S u . For example, for the graph 
C, of figure l,S Wl = {l, 1,2,2,3} andS«, = {l, 1, 1, 1,2}. 

Hakimi's first problem involves finding a vertex u for which the sum of all the elements of S u 
is a minimum. This sum will be called the distance ofu in G, denoted d(u). The set of all vertices 



AMS-MOS Subject Classification: 05C05. 

*This work was done while the author was a National Academy of Sciences-National Research Council Postdoctoral Research Associate at the National Bureau 
of Standards, Washington, D.C. 20234. 

' Figures in hrackets indicate the literature references at the end of this paper. 

107 




Figure 1. Graph d. 

with minimum distance in G is called the centroid, and Zelinka [6] has shown that for trees this 
agrees with the "branch weight" definition of centroids (see sec. 2). The maximum value in S u 
will be called the eccentricity of u, denoted e(a), and Hakimi's second problem is to find a point 
of minimum eccentricity. The set of all vertices with minimum eccentricity is called the center. 

Another set of numbers will now be associated with u, and paralleling the previous definitions, 
the security centroid and security center will be defined for G. Consider two players X and Y 
(e.g., two companies or two countries), each of which is to locate a facility at a vertex of G (e.g., 
a store or a military base), say at vertices x and y(x 9* y). If d(v, x) < d(v, y) then x will be said 
to have more "influence" over v than y does (customers usually shop at the nearer of two otherwise 
equal stores, a location is more easily protected by the closer of two bases). The player who 
must choose a location first desires to have more influence than his competitor over as many 
vertices as possible. 

If u and v are distinct vertices in V, let V uv be the set of vertices which are closer to u than 
to v . That is, 

V uv = {seV:d(s, u) <d(s, v)} . 

Note that u e V uv . Let \S\ denote the cardinality of a set S, and let f(u, v) = \ V uv \ — \V vu \. That 
is, f(u, v) equals the number of vertices closer to u than to v minus the number of vertices closer 
to v than to u. One is now interested in maximizing the functions 



f(u) = min{/(a, v) :veV — u}, 

g(u) = X V€ v-uf(ll, V). 



(3) 
(4) 



Label the vertices of G as Ui, u 2 , . . ., u p . One can form an array M with niij=f(iii, Uj) 
(1 ^ i, 7^p, i t£j). Now / (in) is the smallest element in the ith row, and g(ut) is the sum of 
the ith row. Examples of graphs and some of the rows from the corresponding arrays are given 
in figures 2, 3, and 4. 

If there is a point u such that f(u) ^ 1, then, since f(v, u)=—f(u, v) ^ — l,/(t?) ^ — 1 for 
every veV—u (as in fig. 2), and so u is the unique maximizer of/. There may be several points 
iti, . . ., u k ^ such that f{u\) =0 for 1 ^ i ^ k (as in fig. 3); then these points are the maximizers of/. 
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Figure 2. Graph G 2 with f(u, ) > 0. 

Finally (as in fig. 4) it is possible that f(u) ^ — 1 for every ueV. For this last case, "follow the leader 
is optimal," that is, the player who chooses a location after the other player has chosen has the 
advantage. In the first case, the first moving player has the advantage, while in the second case, 
the order of moving is immaterial. 

Let r(G), the radius of G, and s(G) be defined as follows. 



r(G) =min Me r (mdix V€ v d(u, v)) 
s(G) =m3LX U ev (min ve v- u f(u, v)) 



(5) 
(6) 



= maLX fJL€V f(fJL) 

The center of G consists of all vertices u for which e(u) equals r(G). The security center of G is the 
set of all vertices u for which f(u) equals 5(G), and it will be denoted by C(G). The security 
centroidoi G, denoted Ci(G), is the set of all vertices at which function gis a. maximum. Referring 
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Figure 3. Graph G 3 with f(u 2 )=f(u, 2 )=0. 



to figures 1, 2, 3, and 4, C(Gi) =C X (d ) = {w 2 }, C(G 2 ) = {ui}, d(G 2 ) ={^n}, C(G3)={a 2 , W12}, 
CI (G 3 ) = {u l2 }, C(G 4 ) ={u u u 4 , u 5 , u 6 , u 7 , ttn, ^i 2 , wi 3 }, and Ci(G 4 ) = {u 7 }. 



2. Security Centers and Security Centroids of Trees 

It is reasonable to think that if u is closer to more vertices of G than v is, then u is "more 
central" than v. However, as for G 4 (fig. 4), it is possible to find a set of vertices {u u u 2 , . . ., u k } , 
for example vertices u 4 ,u 5 ,u Ui , and u vl in G 4 , such that u\ [is "more central" than w l + i (l^i^A:— 1) 
and a/ x is "more central" than \i\. Despite this, the next theorem is a strong indication that the 
security center truly is a set of "central" vertices. 

Suppose G is a tree and veV. Label the components of G— v as fli, B 2 , . . ., B t (where the 
degree of v is t ) . The weight at point v is the maximum cardinality of a V\ where V\ is the set of 
vertices in B\ (1 ^ i ^ t ) . A vertex v is called a branch weight centroid vertex of the tree G if f has 
minimum weight, and the branch weight centroid of G consists of all such vertices. As noted 
previously, Zelinka has shown the branch weight centroid of a tree to be identical with its centroid. 

Theorem 1: If G is a tree, then the security center ofG is the centroid. 

PROOF: Jordan [5] has shown that the centroid of a tree consists of one vertex or two adjacent 
vertices. 

First, suppose the centroid consists of one point, say v, with branches B\ 3 #2, . . ., B t whose 



vertex sets satisfy \V\\ 



\V t \. Let u t be the vertex of V t adjacent to v. If \V t \ > \Vi\ 
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FIGURE 4. Graph G 4 with f'(u) *S — 1/br ei;ery i;er£e* u. 



+ \V 2 \ + . . . + |Fi-i|, then a< has a weight bounded above by max (|F,| + . . . +|Fi- i|, |Fi| 
— 1 ) ^ | Fi | . Since the weight of u* is less than or equal to the weight | V t | of u, the centroid of G could 
not be {v}. Thus |Fi|* |Fi| + . . . +|Fi-i|. Now let ueVt. Then f(v, a) ^ (2j = 1J#i |F)|) 
-(1^1-1)^1. Thus/(i;)^l and C(G)={v} is the centroid. 

Next, suppose the centroid of G consists of two adjacent vertices, v\ and v 2 . Let B\ and B 2 l)e 
the components of G — v x v 2 , with i;/€fi,- and V t the vertex set of fi t (i = l, 2). If |Fi| > \V 2 \ then the 
weight of v 2 is |Fi|, and the weight of V\ is bounded above by max (|F 2 |, |Fi | — 1)< |Fi|. Thus V\ and 
F 2 would have different weights, so the centroid of G could not be {v\, v 2 }. Similarly \V 2 \^ |Fi|. 
Thus \V l \ = \V 2 \. If ueVi-{vi} (i=l or 2), then/(w, Vi) ^ -2, which implies f(u) ^ -2. It is easy 
to see that/(i;i)=/(i^) = 0, and so C{G) = {v u v 2 } is the centroid. 

COROLLARY la: The security center of a tree consists of one point or two adjacent points. 

Graph G 4 (fig. 4) is an example of a graph for which the center, centroid, security center 
and security centroid are different subsets of V. Even for trees it is possible to have the 
center, centroid (security center) and security centroid distinct, as in figure 5. Graph G 6 
(fig. 6) has a security centroid consisting of three independent points, namely those which are 
adjacent to the endpoints, when k ^ 14. 
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FIGURE 5. Graph G 5 with center {u 7 } ,centroid {u 6 } and security centroid {u 4 } . 

One can modify graph G^ by using ra branches at v (instead of three), each of which is 
identical to a branch at v in G 6 . It can be shown that if k is sufficiently large, then the security 
centroid is precisely those n points which are adjacent to endpoints. One therefore has the 
following theorem. 

THEOREM 2: For any natural number n there is a treeT n whose security centroid consists 
ofn independent vertices (in fact, no three of which are on one path). 




FIGURE 6. Graph G 6 with security centroid {xi , x 2 , x 3 }. 
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3. Outpoints and Bridges in Graphs 

As Goldman has done for (2) in [2] , it is convenient to put function /from (3) in a more general 
setting by assigning a nonnegative integer valued addend a{s) to each vertex s. One may think of 
a(s) in this case as a number of vertices of degree one, each of which is adjacent to s. If seV U v 
then each of these vertices would also be closer to u than to v. Let a(s) = a (s) + l, and let f*(u, v) 
be defined as follows. 

/*(!*, v) = ( | Kv I +2 8 <vvua(s)) - ( I V m | +2sev w a(s)) 

= J Z S ev uv a(s)-^ S€ v uv a(s). (7) 

Note that ueV uv . One is now interested in maximizing the function 

f*(u)=min{f*(u,v):veV}. (8) 

Maximizing /is the same as maximizing/* when a(s) = 1 for every vertex s of V. The security 
center of (G, a) is the set of vertices for which /* is a maximum, and is denoted C * (G, a) . 

Given a connected graph G, a cutpoint [bridge) is a vertex (edge) whose removal disconnects G. 
A block B of G is a connected subgraph maximal with respect to the property that it has no cutpoints 
(and therefore if B has at least three vertices, B will also not have a bridge). In this section it will 
be shown how maximizing the function (8) can be reduced to an equivalent analogous problem for a 
single block of G. This will result in a simple algorithm for finding the security center (centroid) of 
a tree. 

Suppose one is given (G, a) where a (u) ^ 1 for every vertex u of G. Suppose s is a cutpoint, 
and let Si, S 2 , . • ., Sk{k ^ 2) denote the vertex sets of the components of G — s. Let o-i = XueSi 
a(a), and assume the components are labeled in such a way that o"i ^ o"2 ^ • • . ^ o~ K . 

LEMMA 3: If<r k < a(s) + 2*-/ a ,thenC*(G,a) = {s}. 
PROOF: Assume l^j^k — 1 and veSj. Now /*(s, v) ^ {ot{s) +2{L Mf4j (Tj) — crj ^ 1. Therefore 
/*(s)^ 1, implying/* {u) ^ — 1 for every vertex u of G — 5. ThusG* (G, a) = {s}. 

Lemma 4: If<r k 2= a(s) -HS/'r, 1 cr„ thenC*(G, a) is contained in S k U {s}. 

PROOF: If /*(s) ^1 then the security center is {5}. Suppose/* (5) ^ 0. Let S = S k U {5}, 
and let S= Uf^S*. Since cta:^«(5) +2£r 1 1 o"t, if weS then /*(s, w) ^ 1. Thus there is a point 
*€S A such that/*(s, x) =f*(s) ^ 0. 

Let weS. Since /*(w) ^ /*(w, #), to show that w^C* (G, a) it will suffice to show that/*(w;, x) 
</*(*,*)=/*(*). 

If veV xs then z;€.Sa-, and so d(v, s) < d(v, w) , implying veV xw . Thus V X8 QV X w Suppose ^eJ 7 ,^. 
If *;£Sa then clearly veV sx , and if veSk then d(i;, 5) < d(v, w) < d(v, x) 9 which implies veV sx . 
Thus F^C V sx . Note also that weV S x- It is claimed that at least one of the two inclusions V XS Q V xw 
and V WX CV SX must be proper. For, suppose V wx = V sx . In particular, one has d(s, w) < d(s, x) 
since seV sx . Hence d(s, x) ^ 2. Let 5, Si, s 2 , . . .,5 p ,ibea shortest path from 5 to x, and note 
that p ^ 1. Nowp cannot be even, else5 p /2 would be in V sx but not in V wx .Say p = 2j-\- 1. Nowsj+i 
is in V xw but not V x % 1 and the claim is proved. 

Now we have 

f*(w, x)= 2 U €V wx a(u)— 2u€V xw a(u) 
< 1uiv §x ol(u)—7L U €V X8 ol{u) 
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Consequently f*(w) < f*{s), and w is not in the security center. 

Theorem 5: //cr k ^a(s)+2Jri o^, /Ae/i C*(G,a)=C*(G-S, a') wAere S=U k i ll.S 1 , a'(u) 
= a {u) if ueS k , and a' (s) = a(s)-{- y lu€sOi(u). 

PROOF: Let S = Sa-U {s} . By definition of a' (s), if x andy are any two vertices of S then/* (x 9 y) 
in {G-§, a') equals/* {x, y) in (G, a). In particular, if/* (s) ^ 1 in (C, a) then/* (5)^ 1 in (C-S, 
a'), and so C*(G,a) = C*(GS, a ) = {s} . 

Suppose /*(s) ^ in (G,a). Now/*(s)=/*(s,y) in (G,a) for some y in S*. Thus/* (5) has the 
same value in (G—S,a') as in (G,a). If xeSk and weS, then (by the proof of Lemma 4)f*(w 9 x) < 
f*(s 9 x) 9 so that /*(*,w) = — f*(w,x) > — f*(s,x) = f*(x,s). Therefore /*(*) in (G,a) equals min 
{/*(*, u): ueS}, which_is/*(x) in (G-S, a '). 

Thus no point of S is in C*(G,a) and every point of G— S = S attains the same value of/* in 
(G—S 9 a') as in (G,a). Consequently C*{G 9 a) = C*(G— S, a'). 

Now suppose edge s£ is a bridge of G, and let 5 and T be the vertex sets of the components of 
G— st with seS and teT. Let cr=2 we sa(a), and let t=^ U€ tOc(u). Note that each of s and £ is a cut- 
point or an endpoint. 

COROLLARY 5a: If o-=r then the security center of (G, a) is {s, t}. 

COROLLARY 5b: If a>r, then no vertex ofT can be in the security center. 

COROLLARY 5c: If <t>t, then the security center of (G, a) is the security center o/(G— T, a') 

with a \\i) = a(u) for ueS — {s} and a'(s)=a(s) + 2ver«(v). 

The following algorithm, Algorithm SC, can be used to reduce the problem of finding C * (G, a) 
to the problem of finding C *(B, a) where B is a single block of G. Given any graph G one finds 
C * (G) by setting a(v ) = 1 for every vertex v. 

STEP 1: If G has only one vertex, stop; that vertex is C^(G, a). 

Step 2: If*G has no bridges, then go to Step 3. Otherwise, select any bridge s£. Let S and T 
denote the components of G—st with seS and teT. Compute or=% ue s ol(u) and t=^ U€ t a(u). If 
ct = t, stop; C *(G, a) = {5, t). If a ^ r, then one can assume cr > r. Modify G by deleting Tand re- 
placing a(s) by a(s) +r. Go to Step 1. 

STEP 3. If G has no cutpoints, stop; G is a block. Otherwise, select any cutpoint 5. Let Si, 
S 2 , . . ., Sk be the vertex sets of the components of G — 5, let 01 =S MC 5 i a:(u), and assume en ^ 
o>(l =ss i ^ k—1). If o~a •< ct{s) +2[r 1 1 oi , stop; C*(G, a) ={s}. Otherwise modify G by deleting 
each Si (1 ^ i ^ k — 1) and replacing a(s) by a(s) + 2 -r/crj. Repeat Step 3. 

Note that if G is modified by Step 3, then Sk -U {s} has at least three points and no bridges are 
created when one deletes each Si. 

If G is a tree then one never enters Step 3. Steps 1 and 2 therefore comprise an algorithm for 
finding the security center of a tree. This algorithm is similar to one given in [l]by Goldman. 

4. Graphs With Edges of Arbitrary Lengths 

If 5 is a cutpoint of graph G, then it is easy to see that Lemma 3 holds independent of the 
lengths of the edges. If &k ^ a(s) +Sf~ 1 1 cri, it is also clear that C*(G, a) is not changed if one 
alters the length of an edge in S (as defined in Theorem 5). 

THEOREM 6: Ife is an edge of graph G which is not in the block that contains C*(G, a), then 
C*(G, a) will not be changed if the length ofe is altered. 

COROLLARY 7a: If T is a tree, then the security center (the centroid) is determined independent 
of the lengths of the edges. 

COROLLARY 7b: Algorithm SC can be used to reduce the problem of finding C*(G, a) to the prob- 
lem of finding C*(B, a' ), where B is a single block o/G, without considering the lengths of the edges 
ofG. ' 

Given (G, a), where G is a block, it is necessary to consider the lengths of the edges of G in 
order to determine C*(G, a). For example, consider graph G 7 (fig 7) with a(ui)=a (u 2 )=a(«3)=l 
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Figure 7. Graph G 7 . 
and L{uzU\ )=L(u :] u>)=l. If L(u 2 ui )=1, then C*(G, a)={ai,u 2 ,tt3} ; if L(u 2 Ui )=2, then C*(G\a)= 
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